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Complementarity between one- and two-body
visibilities
Christoph Dittel and Gregor Weihs
Abstract We study one- and two-body visibility measures under an optimization
of common, i.e. global evolutions of a two-body system, and identify two different
visibilities of two-body correlators, both behaving complementary to the usual one-
body interference visibility. We show that only one of them satisfies the common
inequality associated with a complementary relation, while the other one entails a
contrary relation. This, however, can be understood in terms of entanglement between
the constituents.
1 Introduction
Complementarity was initially discussed [1, 2] and first made quantitative at the
single particle level [3, 4, 5]. For multiple particles the issue is obviously much more
complicated, because there are amyriad possibilities of definingmeasures of different
types of information that might be complementary or not. Yet, the single-particle
case can be lifted to the two-particle level with complementarity between one- and
two-particle visibility for the scenario where the two particles are subject to separate
two-mode interferometers [6, 7]. Clearly Mike Horne wanted to expand on this and
one of us (GW) distinctly remembers his talk at the conference “Epistemological and
Experimental Perspectives on Quantum Physics” (Vienna, Austria, 1998) [8] where
he tried to extend complementarity to the interference of three particles. The talk
showed that there is no such straightforward generalization. In a recent result [9],
we were able to derive complementarity and duality relations for multiple, partially
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Fig. 1 Schematic experimental settings to probe the complementarity of one- and two-body visi-
bilities. (a) A source S emits two particles, which are possibly entangled in their mode occupation,
with modes labelled 0 and 1. The particles leave the source in opposite directions, are separately
transformed according to U1 and U2, and measured in the output modes, respectively. (b) In a
similar setting as in (a), two possibly entangled qubits, labelled 1 and 2, undergo local unitary trans-
formations with a subsequent measurement in the computational basis. (b) In a similar setting as in
(b), two qubits are transformed according to a common (global) two-qubit unitary transformation
U .
distinguishable interfering particles but not in the way envisaged by Mike Horne.
Both approaches reveal the crucial role of entanglement, and for tripartite systems it
is known that entanglement measures cannot both be faithful and monogamous [10].
On the other hand, the situation is rather simple for two two-level systems (qubits)
since all measures of entanglement are similar in this case. Under this perspective,
we here elucidate a possible connection between the two scenarios at the two-particle
level with special emphasis on the role of entanglement.
The original scheme involves a two-particle source, with the particles sent in
opposite directions, and possibly entangled in their occupation in two distinct modes
[see Fig. 1(a)]. The particles are then separately transformed according to two-mode
unitary transformations [U1 and U2 in Fig. 1(a)], and subsequently measured in
the output modes. Thereby, one- and two-body visibilities are obtained after an
optimization procedure over the local unitary transformations U1 and U2, which
were shown to be in a complementary relation [6, 4].
By considering the mode occupation of each particle as a two-level system,
this experimental scheme is similar to two possibly entangled qubits undergoing
local unitary transformations followed by a measurement in the computational basis
[compare Figs. 1(a) and (b)]. Now, by allowing for common – i.e. global – two-
qubit unitaries instead [see Fig. 1(c)], we can ask whether similar complementarity
relations between one- and two-body visibilities can be obtained.
2 One-body visibility
To set the stage, let us consider a pure state |Ψ〉 of two qubits, which we write in
it’s Schmidt decomposition, |Ψ〉 = ∑1j=0 √λj |ηj〉 |ξj〉, with λj ∈ [0, 1], λ0 + λ1 = 1,
and {|ηj〉}1j=0 and {|ξj〉}1j=0 an orthonormal basis of the first and second qubit,
respectively. Note that w.l.o.g. we assume λ0 ≥ λ1, such that 1/2 ≤ λ0 ≤ 1. The
reduced state of the first (resp. second) qubit is then obtained from the two-qubit
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density operator ρ = |Ψ〉〈Ψ| by tracing over the Hilbert space of the second (resp.
first) qubit, ρ1 =
∑1
j=0 λj |ηj〉〈ηj | (resp. ρ2 =
∑1
j=0 λj |ξj〉〈ξj |), where λ0 and λ1
appear as the eigenvalues of ρ1 (resp. ρ2).
First, let us consider the reduced state ρ1 of the first qubit under local unitary
transformations U1 as shown in Fig. 1(b). In this setting, the one-body visibility is
commonly written as
v1 =
pmax1 (0) − pmin1 (0)
pmax1 (0) + pmin1 (0)
, (1)
with pmax1 (0) = maxU1 Tr(|0〉〈0|U1ρ1U†1 ) (resp. pmin1 (0) = minU1 Tr(|0〉〈0|U1ρ1U†1 ))
the maximal (resp. minimal) probability to find the first qubit in |0〉 after an optimiza-
tion over U1. Now, for Umax1 the unitary leading to p
max
1 (0), we see that the unitary
σxUmax1 , with the Paulimatrixσx flipping |0〉 and |1〉, gives rise to pmax1 (1) = pmax1 (0).
Moreover, with pmin1 (0) = 1−pmax1 (1), we have pmin1 (0) = 1−pmax1 (0), such that Eq. (1)
becomes
v1 = 2pmax1 (0) − 1. (2)
Under this perspective, we may also express the one-body visibility (1) in terms of
the Kolmogorov distance (or L1 distance) [11]
D(P1, Pmix1 ) =
1
2
1∑
j=0
p1( j) − 12  (3)
between the probability distributions P1 = {p1(0), p1(1)} and Pmix1 = {1/2, 1/2}. The
latter is obtained from a maximally mixed one-qubit state ρmix1 = 1/2
∑1
j=0 |ηj〉〈ηj |.
In particular, with the help of Eqs. (2) and (3), we find
v1 = max
U1
2 D(P1, Pmix1 ) (4)
= max
U1
1∑
j=0
Tr (| j〉〈 j |U1(ρ1 − ρmix1 )U†1 ) . (5)
Here, the maximum is reached ifU†1 |0〉〈0|U1 andU†1 |1〉〈1|U1 project onto the eigen-
states of ρ1 − ρmix1 , e.g. U†1 |0〉 = |η0〉 and U†1 |1〉 = |η1〉, such that pmax1 (0) = λ0.
Together with Eq. (2), we then arrive at
v1 = 2λ0 − 1. (6)
This expression allows us to write v1 as the normalized purity [9] of the reduced
one-qubit state,
v1 =
√
2Tr
(
ρ21
) − 1, (7)
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or in terms of the concurrence C = 2√λ0λ1 [12] of ρ, which quantifies the entangle-
ment between the qubits,
v1 =
√
1 − C2. (8)
Accordingly, maximally entangled qubits, for which C = 1, imply a vanishing
visibility v1 = 0, and separable qubits, for which C = 0, lead to v1 = 1. Given that
the concurrence C is an entanglement measure, it is apparent from Eq. (8) that the
one-body visibility v1 quantifies the separability of the qubits, and, thus, stands in a
complementary relation to the entanglement between the qubits. In this regard, we
now focus on visibility measures of two-body correlators that quantify the amount
of entanglement under an optimization of global two-qubit unitary transformations
U as illustrated in Fig. 1(c).
3 Two-body visibilities
Previous works [6, 4, 7, 8] considered the experimental schemata of Fig. 1(a) or 1(b),
with the two-body visibility
v12 =
p¯loc.max(0, 0) − p¯loc.min(0, 0)
p¯loc.max(0, 0) + p¯loc.min(0, 0) (9)
obtained under optimization of the two-body correlator
p¯( j, k) = p( j, k) − p1( j)p2(k) + 1/4 (10)
with respect to local unitary transformationsU1 andU2 [indicated by the superscript
loc.max and loc.min]. In this case, p( j, k) = Tr(| j, k〉〈 j, k |(U1 ⊗U2)ρ(U1 ⊗U2)†) is
the probability to measure the two-qubit state | j, k〉 ≡ | j〉 |k〉, and the constant 1/4 is
needed in order that p¯( j, k) ≥ 0 and ∑1j,k=0 p¯( j, k) = 1, such that P¯ = {p¯( j, k)}1j,k=0
has the properties of a probability distribution. As shown in Ref. [4], Eq. (9) results
in v12 = C, such that, by Eq. (8), we have
v21 + v
2
12 = 1. (11)
Let us note that in Ref. [6] the unitaries U1 and U2 are restricted to transformations
corresponding to a balanced beam splitter, having equal transmittivity and reflectiv-
ity, together with a phase shifter in one of the input modes. Under these restrictions,
Eq. (11) becomes [6, 4]
v21 + v
2
12 ≤ 1. (12)
By performing the maximization in Eq. (9) over global two-body unitary trans-
formations U instead of local unitaries of the form U1 ⊗ U2 [see Fig. 1(c)], one can
Complementarity between one- and two-body visibilities 5
show that v12 = 1, independently on the initial two-body state ρ. That is, v12 does
not provide any information about ρ once we allow for global two-body unitariesU.
Nonetheless, by modifying the correlators (10) as
c¯( j, k) = p( j, k) − psep( j, k) + 1/4, (13)
we can construct entanglement sensitive two-body visibilitymeasures of the form (9),
with c¯( j, k) coinciding with p¯( j, k) from Eq. (10) in the case of local unitary transfor-
mations. While here, the usual probability p( j, k) = Tr(| j, k〉〈 j, k |UρU†) is obtained
from the two-body state ρ, which possibly involves entanglement between the qubits,
psep( j, k) = Tr(| j, k〉〈 j, k |UρsepU†) results from the separable, and, thus, unentan-
gled state ρsep = ρ1 ⊗ ρ2. From this perspective, the correlators c¯( j, k) are sensitive
to the state’s separability, and, as will be shown further down, can be utilized in
order to measure the entanglement between the qubits. Note that again the factor 1/4
ensures c¯( j, k) ≥ 0, and the set C¯ = {c¯( j, k)}1
j,k=0 has the properties of a probability
distribution. Moreover, let us recall that ρ1 (resp. ρ2) is obtained from ρ by tracing
out the second (resp. first) qubit. In the laboratory, the state ρsep = ρ1 ⊗ ρ2 can then
be prepared, for example, by assembling the two-qubit system from two separate
copies of ρ, with one qubit taken from each copy.
Let us first start out from a similar definition for the visibility as in Eq. (9), and
consider
w˜12 =
c¯max(0, 0) − c¯min(0, 0)
c¯max(0, 0) + c¯min(0, 0), (14)
with the optimization performed over global two-qubit unitariesU [cf. Fig. 1(c)]. In
order to obtain an expression for w˜12 in terms of the eigenvalue λ0 (i.e. similar to
Eq. (6)), we consider
c¯max(0, 0) = max
U
[p(0, 0) − psep(0, 0) + 1/4]
= max
U
[
Tr
(
|00〉〈00|U(ρ − ρ1 ⊗ ρ2)U†
)]
+ 1/4. (15)
Using the spectral decomposition ρ−ρ1⊗ρ2 = ∑3j=0 αj |αj〉〈αj |, with not necessarily
positive eigenvalues αj and their corresponding eigenvectors |αj〉, we see that the
maximum in (15) is obtained if U† |00〉〈00|U projects onto the subspace spanned
by the eigenvector(s) corresponding to the maximal eigenvalue(s) αmax, i.e. for
U† |00〉 = |αmax〉 we have c¯max(0, 0) = αmax +1/4. Similar, for c¯min(0, 0) in Eq. (14),
the minimization gives rise to the minimal eigenvalue(s) αmin, leading to c¯min(0, 0) =
αmin + 1/4. Therefore, we simply have to evaluate the eigenvalues of ρ − ρ1 ⊗ ρ2,
for which we find
α0 = α1 = −λ0λ1, α2 = λ0λ1 +
√
λ0λ1, α3 = λ0λ1 −
√
λ0λ1. (16)
Under consideration of λ0λ1 ≤ 1, we have αmax = α2 and αmin = α3, such that
Eq. (14) becomes
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<latexit sha1_base64="SnKeOGMvJGhLgRMVVa JxE71OxtE=">AAACzHichVFLS8NAEJ7GV1tfVY9egkXwFJIq2GPBB16UivYBtcgm3cbQvNhsC7X06s 2r/jb9LR78skZBi3TDZma/+ebbmR079r1EmuZbTltYXFpeyReKq2vrG5ulre1mEg2FwxtO5EeibbOE+ 17IG9KTPm/HgrPA9nnLHpyk8daIi8SLwls5jnk3YG7o9T2HSUA3lmHel8qmYaqlzzpW5pQpW/Wo9E5 31KOIHBpSQJxCkvB9YpTg65BFJsXAujQBJuB5Ks5pSkXkDsHiYDCgA/xdnDoZGuKcaiYq28EtPrZApk 772OdK0QY7vZXDT2A/sB8V5v57w0QppxWOYW0oFpTiJXBJD2DMywwy5nct8zPTriT1qaq68VBfrJC0 T+dH5xQRAWygIjqdKaYLDVudR3iBELaBCtJX/lbQVcc9WKYsVyphpsigJ2DT10c9GLP1d6izTrNiWId G5fqoXKtmA8/TLu3RAaZ6TDW6oDrqcFDdM73Qq3alSW2iTb+oWi7L2aFfS3v6BI6Xjy4=</latexit >
0.0
<latexit sha1_base64="dRzlj7nR+tahWRv0zu f4ALK+7VE=">AAACzHichVFLS8NAEJ7GV1tfVY9egkXwVJIq2GPBB16UivYBtcgm3dbQvNhsC7X06s 2r/jb9LR78do2CFumGzcx+8823MztO7HuJtKy3jLGwuLS8ks3lV9fWNzYLW9uNJBoKl9fdyI9Ey2EJ9 72Q16Unfd6KBWeB4/OmMzhR8eaIi8SLwls5jnknYP3Q63kuk4BurJJ1Xyjir5c569ipU6R01aLCO91 RlyJyaUgBcQpJwveJUYKvTTZZFAPr0ASYgOfpOKcp5ZE7BIuDwYAO8O/j1E7REGelmehsF7f42AKZJu 1jn2tFB2x1K4efwH5gP2qs/+8NE62sKhzDOlDMacVL4JIewJiXGaTM71rmZ6quJPWoorvxUF+sEdWn +6NziogANtARk840sw8NR59HeIEQto4K1Ct/K5i64y4s05ZrlTBVZNATsOr1UQ/GbP8d6qzTKJfsw1L 5+qhYraQDz9Iu7dEBpnpMVbqgGupwUd0zvdCrcWVIY2JMv6hGJs3ZoV/LePoEjC+PLQ==</latexit >
0.5
<latexit sha1_base64="zi5gK5XhMfpDVDcwA1QGqvJXavU=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJKq2GPBB16UivYBtcgm3dbQvEi2hVp69eZVf5v+Fg9+u6aCFumGzcx+8823Mzt25LmJMM33jLawuLS8ks3lV9fWNzYLW9v1JBzEDq85oRfGTZsl3HMDXhOu8HgzijnzbY837P6pjDeGPE7cMLgTo4i3 fdYL3K7rMAHo1jSOHwpF0zDV0mcdK3WKlK5qWPige+pQSA4NyCdOAQn4HjFK8LXIIpMiYG0aA4vhuSrOaUJ55A7A4mAwoH38ezi1UjTAWWomKtvBLR52jEyd9rEvlKINtryVw09gP7GfFNb794axUpYVjmBtK OaU4hVwQY9gzMv0U+a0lvmZsitBXSqrblzUFylE9un86JwhEgPrq4hO54rZg4atzkO8QABbQwXylacKuuq4A8uU5UolSBUZ9GJY+fqoB2O2/g511qmXDOvQKN0cFSvldOBZ2qU9OsBUT6hCl1RFHQ6qe6FXet OuNaGNtck3VcukOTv0a2nPX5gtjzI=</latexit>
0.6
<latexit sha1_base64="My5O4VGFRqmHQx4EIjkmdZnKptc=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIq2mPBB16UivYBtcgm3dbQvEi2hVp69eZVf5v+Fg9+u6aCFumGzcx+8823Mzt25LmJMM33jLawuLS8ks3lV9fWNzYLW9v1JBzEDq85oRfGTZsl3HMDXhOu8HgzijnzbY837P6pjDeGPE7cMLgTo4i3 fdYL3K7rMAHo1jSOHwpF0zDV0mcdK3WKlK5qWPige+pQSA4NyCdOAQn4HjFK8LXIIpMiYG0aA4vhuSrOaUJ55A7A4mAwoH38ezi1UjTAWWomKtvBLR52jEyd9rEvlKINtryVw09gP7GfFNb794axUpYVjmBtK OaU4hVwQY9gzMv0U+a0lvmZsitBXSqrblzUFylE9un86JwhEgPrq4hO54rZg4atzkO8QABbQwXylacKuuq4A8uU5UolSBUZ9GJY+fqoB2O2/g511qmXDOvQKN0cFSvldOBZ2qU9OsBUT6hCl1RFHQ6qe6FXet OuNaGNtck3VcukOTv0a2nPX5qTjzM=</latexit>
0.7
<latexit sha1_base64="MEPPQkvJJtjIqEe3DyMZWghUetw=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIqtMeCD7woFe0DapEk3dalebHZFmrp1ZtX/W36Wzz4ZU0FLdINm5n95ptvZ3acyOOxNM33jLa0vLK6ls3l1zc2t7YLO7uNOBwKl9Xd0AtFy7Fj5vGA1SWXHmtFgtm+47GmMzhN4s0REzEPgzs5jljH t/sB73HXloBuTaP8UCiahqmWPu9YqVOkdNXCwgfdU5dCcmlIPjEKSML3yKYYX5ssMikC1qEJMAGPqzijKeWROwSLgWEDHeDfx6mdogHOiWassl3c4mELZOp0iH2hFB2wk1sZ/Bj2E/tJYf1/b5go5aTCMawDx ZxSvAIu6RGMRZl+ypzVsjgz6UpSjyqqG476IoUkfbo/OmeICGADFdHpXDH70HDUeYQXCGDrqCB55ZmCrjruwtrKMqUSpIo29ARs8vqoB2O2/g513mmUDOvYKN2cFKuVdOBZ2qcDOsJUy1SlS6qhDhfVvdArvW nXmtQm2vSbqmXSnD36tbTnL5z5jzQ=</latexit>
0.8
<latexit sha1_base64="QDlwrcyiI1rsuweLdy0yRoBavBM=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIq2GPBB16UivYBtUiSbuPSvEi2hVp69eZVf5v+Fg9+u0ZBi3TDZma/+ebbmR0n9nkqTPMtpy0sLi2v5AvF1bX1jc3S1nYzjYaJyxpu5EdJ27FT5vOQNQQXPmvHCbMDx2ctZ3Ai460RS1IehbdiHLNu YHsh73PXFoBuTKN6XyqbhqmWPutYmVOmbNWj0jvdUY8icmlIATEKScD3yaYUX4csMikG1qUJsAQeV3FGUyoidwgWA8MGOsDfw6mToSHOUjNV2S5u8bETZOq0j32uFB2w5a0Mfgr7gf2oMO/fGyZKWVY4hnWgW FCKl8AFPYAxLzPImN+1zM+UXQnqU1V1w1FfrBDZp/ujc4pIAmygIjqdKaYHDUedR3iBELaBCuQrfyvoquMerK0sUyphpmhDL4GVr496MGbr71BnnWbFsA6NyvVRuVbNBp6nXdqjA0z1mGp0QXXU4aK6Z3qhV+ 1KE9pEm35RtVyWs0O/lvb0CZ9fjzU=</latexit>
0.9
<latexit sha1_base64="FdhlL+QOBpbq3SBl3cAglP+bch4=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIqWG8FH3hRKtoH1CKbdFtD8yLZFmrp1ZtX/W36Wzz47ZoKWqQbNjP7zTffzuzYkecmwjTfM9rC4tLySjaXX11b39gsbG3Xk3AQO7zmhF4YN22WcM8NeE24wuPNKObMtz3esPunMt4Y8jhxw+BOjCLe 9lkvcLuuwwSgW9M4eSgUTcNUS591rNQpUrqqYeGD7qlDITk0IJ84BSTge8Qowdcii0yKgLVpDCyG56o4pwnlkTsAi4PBgPbx7+HUStEAZ6mZqGwHt3jYMTJ12se+UIo22PJWDj+B/cR+Uljv3xvGSllWOIK1o ZhTilfABT2CMS/TT5nTWuZnyq4EdamsunFRX6QQ2afzo3OGSAysryI6nStmDxq2Og/xAgFsDRXIV54q6KrjDixTliuVIFVk0Ith5eujHozZ+jvUWadeMqxDo3RzVKyU04FnaZf26ABTPaYKXVIVdTio7oVe6U 271oQ21ibfVC2T5uzQr6U9fwGhxY82</latexit>
1.0
<latexit sha1_base64="SnKeOGMvJGhLgRMVVaJxE71OxtE=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIq2GPBB16UivYBtcgm3cbQvNhsC7X06s2r/jb9LR78skZBi3TDZma/+ebbmR079r1EmuZbTltYXFpeyReKq2vrG5ulre1mEg2FwxtO5EeibbOE+17IG9KTPm/HgrPA9nnLHpyk8daIi8SLwls5jnk3 YG7o9T2HSUA3lmHel8qmYaqlzzpW5pQpW/Wo9E531KOIHBpSQJxCkvB9YpTg65BFJsXAujQBJuB5Ks5pSkXkDsHiYDCgA/xdnDoZGuKcaiYq28EtPrZApk772OdK0QY7vZXDT2A/sB8V5v57w0QppxWOYW0oF pTiJXBJD2DMywwy5nct8zPTriT1qaq68VBfrJC0T+dH5xQRAWygIjqdKaYLDVudR3iBELaBCtJX/lbQVcc9WKYsVyphpsigJ2DT10c9GLP1d6izTrNiWIdG5fqoXKtmA8/TLu3RAaZ6TDW6oDrqcFDdM73Qq3 alSW2iTb+oWi7L2aFfS3v6BI6Xjy4=</latexit>
0.9
<latexit sha1_base64="FdhlL+QOBpbq3SBl3cAglP+bch4=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIqWG8FH3hRKtoH1CKbdFtD8yLZFmrp1ZtX/W36Wzz47ZoKWqQbNjP7zTffzuzYkecmwjTfM9rC4tLySjaXX11b39gsbG3Xk3AQO7zmhF4YN22WcM8NeE24wuPNKObMtz3esPunMt4Y8jhxw+BOjCLe 9lkvcLuuwwSgW9M4eSgUTcNUS591rNQpUrqqYeGD7qlDITk0IJ84BSTge8Qowdcii0yKgLVpDCyG56o4pwnlkTsAi4PBgPbx7+HUStEAZ6mZqGwHt3jYMTJ12se+UIo22PJWDj+B/cR+Uljv3xvGSllWOIK1o ZhTilfABT2CMS/TT5nTWuZnyq4EdamsunFRX6QQ2afzo3OGSAysryI6nStmDxq2Og/xAgFsDRXIV54q6KrjDixTliuVIFVk0Ith5eujHozZ+jvUWadeMqxDo3RzVKyU04FnaZf26ABTPaYKXVIVdTio7oVe6U 271oQ21ibfVC2T5uzQr6U9fwGhxY82</latexit>
1.0
<latexit sha1_base64="SnKeOGMvJGhLgRMVVaJxE71OxtE=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIq2GPBB16UivYBtcgm3cbQvNhsC7X06s2r/jb9LR78skZBi3TDZma/+ebbmR079r1EmuZbTltYXFpeyReKq2vrG5ulre1mEg2FwxtO5EeibbOE+17IG9KTPm/HgrPA9nnLHpyk8daIi8SLwls5jnk3 YG7o9T2HSUA3lmHel8qmYaqlzzpW5pQpW/Wo9E531KOIHBpSQJxCkvB9YpTg65BFJsXAujQBJuB5Ks5pSkXkDsHiYDCgA/xdnDoZGuKcaiYq28EtPrZApk772OdK0QY7vZXDT2A/sB8V5v57w0QppxWOYW0oF pTiJXBJD2DMywwy5nct8zPTriT1qaq68VBfrJC0T+dH5xQRAWygIjqdKaYLDVudR3iBELaBCtJX/lbQVcc9WKYsVyphpsigJ2DT10c9GLP1d6izTrNiWIdG5fqoXKtmA8/TLu3RAaZ6TDW6oDrqcFDdM73Qq3 alSW2iTb+oWi7L2aFfS3v6BI6Xjy4=</latexit>
1.1
<latexit sha1_base64="TETc+/zbXAASLdzhBGTf4llR/oU=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIq2GPBB16UivYBtcgm3cbQvNhsC7X06s2r/jb9LR78skZBi3TDZma/+ebbmR079r1EmuZbTltYXFpeyReKq2vrG5ulre1mEg2FwxtO5EeibbOE+17IG9KTPm/HgrPA9nnLHpyk8daIi8SLwls5jnk3 YG7o9T2HSUA3lmHdl8qmYaqlzzpW5pQpW/Wo9E531KOIHBpSQJxCkvB9YpTg65BFJsXAujQBJuB5Ks5pSkXkDsHiYDCgA/xdnDoZGuKcaiYq28EtPrZApk772OdK0QY7vZXDT2A/sB8V5v57w0QppxWOYW0oF pTiJXBJD2DMywwy5nct8zPTriT1qaq68VBfrJC0T+dH5xQRAWygIjqdKaYLDVudR3iBELaBCtJX/lbQVcc9WKYsVyphpsigJ2DT10c9GLP1d6izTrNiWIdG5fqoXKtmA8/TLu3RAaZ6TDW6oDrqcFDdM73Qq3 alSW2iTb+oWi7L2aFfS3v6BJD9jy8=</latexit>
1.2
<latexit sha1_base64="wGv64rt9J6BWZ/I0tW8JuLe0DJE=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJIq2GPBB16UivYBtUiSbmNoXmy2hVp69eZVf5v+Fg9+u0ZBi3TDZma/+ebbmR0nCfxUmOZbTltYXFpeyReKq2vrG5ulre1mGg+5yxpuHMS87dgpC/yINYQvAtZOOLNDJ2AtZ3Ai460R46kfR7dinLBu aHuR3/ddWwC6sYzKfalsGqZa+qxjZU6ZslWPS+90Rz2KyaUhhcQoIgE/IJtSfB2yyKQEWJcmwDg8X8UZTamI3CFYDAwb6AB/D6dOhkY4S81UZbu4JcDmyNRpH/tcKTpgy1sZ/BT2A/tRYd6/N0yUsqxwDOtAs aAUL4ELegBjXmaYMb9rmZ8puxLUp6rqxkd9iUJkn+6PzikiHNhARXQ6U0wPGo46j/ACEWwDFchX/lbQVcc9WFtZplSiTNGGHoeVr496MGbr71BnnWbFsA6NyvVRuVbNBp6nXdqjA0z1mGp0QXXU4aK6Z3qhV+ 1KE9pEm35RtVyWs0O/lvb0CZNjjzA=</latexit>
1.3
<latexit sha1_base64="kgxPii6K9r7chPJxkXalYgZTXys=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJJWsMeCD7woFe0DapFNuq2heZFsC7X06s2r/jb9LR78dk0FLdINm5n95ptvZ3bsyHMTYZrvGW1peWV1LZvLr29sbm0XdnYbSTiMHV53Qi+MWzZLuOcGvC5c4fFWFHPm2x5v2oNTGW+OeJy4YXAnxhHv +KwfuD3XYQLQrWWUHwpF0zDV0ucdK3WKlK5aWPige+pSSA4NySdOAQn4HjFK8LXJIpMiYB2aAIvhuSrOaUp55A7B4mAwoAP8+zi1UzTAWWomKtvBLR52jEydDrEvlKINtryVw09gP7GfFNb/94aJUpYVjmFtK OaU4hVwQY9gLMr0U+aslsWZsitBPaqoblzUFylE9un86JwhEgMbqIhO54rZh4atziO8QABbRwXylWcKuuq4C8uU5UolSBUZ9GJY+fqoB2O2/g513mmUDKtslG6Oi9VKOvAs7dMBHWGqJ1SlS6qhDgfVvdArvW nXmtAm2vSbqmXSnD36tbTnL5XJjzE=</latexit>
1.4
<latexit sha1_base64="rU90JQbcmpRZBYmrYwvlOYgNFvg=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwFJJasMeCD7woFe0DapEk3dbQvNhsC7X06s2r/jb9LR78dk0FLdINm5n95ptvZ3ac2PcSYZrvGW1peWV1LZvLr29sbm0XdnYbSTTkLqu7kR/xlmMnzPdCVhee8Fkr5swOHJ81ncGpjDdHjCdeFN6Jccw6 gd0PvZ7n2gLQrWWUHwpF0zDV0ucdK3WKlK5aVPige+pSRC4NKSBGIQn4PtmU4GuTRSbFwDo0AcbheSrOaEp55A7BYmDYQAf493Fqp2iIs9RMVLaLW3xsjkydDrEvlKIDtryVwU9gP7GfFNb/94aJUpYVjmEdK OaU4hVwQY9gLMoMUuaslsWZsitBPaqobjzUFytE9un+6JwhwoENVESnc8XsQ8NR5xFeIIStowL5yjMFXXXchbWVZUolTBVt6HFY+fqoB2O2/g513mmUDOvYKN2Ui9VKOvAs7dMBHWGqJ1SlS6qhDhfVvdArvW nXmtAm2vSbqmXSnD36tbTnL5gvjzI=</latexit>
2<latexit sha1_base64="x6pyBpDLhnQHrkZHLAWK7fFZ3iY=">AAACz3ichVFNS8NAEH3Gz/pZ9eg lWARPJamCHgU/8CJYsFVQKUm6xrVpEpJUqaXi1ZtX/Wf6Wzz4dk0FLeKGzcy+efN2ZseNA5lmlvU2YoyOjU9MThWmZ2bn5heKi0v1NOoknqh5URAlZ66TikCGopbJLBBncSKcthuIU7e1q+KntyJJZRSeZN1Y XLYdP5RX0nMyQvW7Rs+u9BvFklW29DKHHTt3SsjXcVR8xwWaiOChgzYEQmT0AzhI+Z3DhoWY2CV6xBJ6UscF+phmbocsQYZDtMW/z9N5joY8K81UZ3u8JeBOmGlijftAK7pkq1sF/ZT2g/teY/6fN/S0sqqwS +tSsaAVj4hnuCbjv8x2zhzU8n+m6irDFbZ1N5L1xRpRfXrfOnuMJMRaOmJiXzN9arj6fMsXCGlrrEC98kDB1B03aR1thVYJc0WHegmten3WwzHbv4c67NQrZXujXKlulna284FPYQWrWOdUt7CDQxyzDg83eM YLXo2qcWc8GI9fVGMkz1nGj2U8fQLwB5Du</latexit>
˜12
<latexit sha1_base64="olLEg3Kzdo3ptcDXcSQiPHGohuQ=">AAAC13ichVFLS8NAEJ7GV1tfVY9 egkXwVJIq2GPBB16ECvYhtpYk3caleZFsK7UUb+LVm1f9V/pbPPhlTQUt0g2bmf3mm29ndszA4ZHQtPeUMje/sLiUzmSXV1bX1nMbm7XI74cWq1q+44cN04iYwz1WFVw4rBGEzHBNh9XN3lEcrw9YGHHfuxTD gLVcw/Z4l1uGAHTTFNzpsNHduD3Si+N2Lq8VNLnUaUdPnDwlq+LnPqhJHfLJoj65xMgjAd8hgyJ816STRgGwFo2AhfC4jDMaUxa5fbAYGAbQHv42TtcJ6uEca0Yy28ItDnaITJV2sU+logl2fCuDH8F+Yt9Lz P73hpFUjiscwppQzEjFc+CCbsGYlekmzEktszPjrgR1qSS74agvkEjcp/Wjc4xICKwnIyqdSKYNDVOeB3gBD7aKCuJXniiosuMOrCEtkypeomhAL4SNXx/1YMz636FOO7ViQd8vFC8O8uVSMvA0bdMO7WGqh1 SmM6qgDgvKL/RKb8qV8qA8Kk/fVCWV5GzRr6U8fwFlwZSk</latexit>
1<latexit sha1_base64="dnj1LBJg/GAinWlayjoL2u8uBi8=">AAACzHichVFLS8NAEJ7GV1tfVY9 egkXwVJIq2GPBB16UivYBtZQk3cbQvNhsC7X06s2r/jb9LR78dk0FLdINm5n95ptvZ3bs2PcSYRjvGW1peWV1LZvLr29sbm0XdnYbSTTkDqs7kR/xlm0lzPdCVhee8Fkr5swKbJ817cGZjDdHjCdeFN6Lccw6 geWGXt9zLAHobtQ1u4WiUTLU0ucdM3WKlK5aVPigB+pRRA4NKSBGIQn4PlmU4GuTSQbFwDo0AcbheSrOaEp55A7BYmBYQAf4uzi1UzTEWWomKtvBLT42R6ZOh9iXStEGW97K4Cewn9hPCnP/vWGilGWFY1gbi jmleA1c0CMYizKDlDmrZXGm7EpQnyqqGw/1xQqRfTo/OueIcGADFdHpQjFdaNjqPMILhLB1VCBfeaagq457sJayTKmEqaIFPQ4rXx/1YMzm36HOO41yyTwulW9PitVKOvAs7dMBHWGqp1SlK6qhDgfVvdArvW k3mtAm2vSbqmXSnD36tbTnL6zLj6U=</latexit>
v21 + w˜
2
12
<latexit sha1_base64="fnxjEpRDREbNvD0XKO3+rDcpanI=">AAAC4XichVHLSsNAFD3Gd31VBTd uikUQhJJEwS4FH7gRKlgVfJQkHevQNAnJtKK1H+BO3Lpzqz+k3+LCkzEKKuKEyb1z7rln7p3rRr5MlGm+9Bn9A4NDwyOjubHxicmp/PTMQRK2Y09UvdAP4yPXSYQvA1FVUvniKIqF03J9ceg2N9L4YUfEiQyD fXUVidOW0wjkufQcRaiWn+vUrDN7+URJvy66l71a17J7Z3YtXzRLpl6F346VOUVkqxLmX3GCOkJ4aKMFgQCKvg8HCb9jWDARETtFl1hMT+q4QA855rbJEmQ4RJv8N3g6ztCA51Qz0dkeb/G5Y2YWsMi9rRVds tNbBf2E9o37WmONP2/oauW0wital4qjWnGXuMIFGf9ltjLmZy3/Z6ZdKZyjrLuRrC/SSNqn96WzyUhMrKkjBWxpZoMarj53+AIBbZUVpK/8qVDQHddpHW2FVgkyRYd6MW36+qyHY7Z+DvW3c2CXrJWSvbdaXC 9nAx/BPBawxKmuYR07qLAODzd4xBOeDc+4Ne6M+w+q0ZflzOLbMh7eAeR7l3Y=</latexit>
v21 + w
2
1
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Fig. 2 Complementary behaviour of the visibility measures. (a) The one-body visibility v1 (full
blue line) monotonously increases, and the two-body visibilities w˜12 (dashed orange line) and
w12 (dotted green line) monotonously decrease as a function of the eigenvalue λ0. This illustrates
the complementary behaviour between v1 and w˜12 (resp. w12). (b) The sum of squared visibility
measures v21 + w˜
2
12 (resp. v
2
1 + w
2
12) is shown by an dashed orange (resp. dotted green) line as a
function of λ0, and, in accordance with inequality (19) (resp. (26)), bounded from below (resp.
above) by unity (full black line).
w˜12 =
2
√
λ0λ1
2λ0λ1 + 1/2 . (17)
This can also be expressed in terms of the concurrence C of the two-body state ρ,
reading
w˜12 =
2C
C2 + 1 . (18)
From Eqs. (17) and (18) we see that 0 ≤ w˜12 ≤ 1 measures the entanglement
between the qubits, with its lower bound reached for separable qubits, i.e. w˜12 = 0
for C = 0, and its upper bound reached for maximally entangled qubits, i.e. w˜12 = 1
for C = 1. Therefore, w˜12 behaves complementary to the single-body visibility v1
from Eq. (6) as highlighted by their opposite monotonicity as a function of λ0 shown
in Fig. 2(a). At the same time, however, the visibilities v1 and w˜12 do not satisfy the
complementary relation of the form (12), instead,
v21 + w˜
2
12 ≥ 1. (19)
This inequality results from plugging w˜12 ≥ C [see Eq. (18)] into Eq. (8), and is
graphically illustrated in Fig. 2(b). While Eq. (19) first seems counter intuitive for
two normalized and complementary behaving measures, it highlights that satisfying
the relation of the form (12) is not a sufficient and not even a necessary condition for
two measures behaving complementary to each other. Nevertheless, in the following
we provide an alternative visibility measure, which we will show to satisfy the
form (12).
The definitions of the visibilities v12 and w˜12 from Eqs (9) and (14) are motivated
by their similarity to the usual one-body visibility v1 fromEq. (1). However, as shown
in Eq. (4), v1 can likewise be considered as the Kolmogorov distance to the outcome
obtained from amaximallymixed state. In view of the two-body correlators (13) after
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global unitary transformations, Eq. (4) then motivates the definition of the visibility
w12 =
4
3
max
U
D(C¯, C¯sep), (20)
with C¯sep = {1/4, 1/4, 1/4, 1/4} the correlator distribution in the case of a separable
state ρ = ρsep. Note that the factor 4/3 arises in order for w12 to be normalized. This
will get apparent further down. In consideration of the correlators (13), w12 from
Eq. (20) is equivalent to
w12 =
4
3
max
U
D(P, Psep), (21)
with P = {p( j, k)}1
j,k=0 and P
sep = {psep( j, k)}1
j,k=0 the probability distribution
obtained from ρ and ρsep, respectively. Let us now inspect Eq. (21). By plugging in
the Kolmogorov distance D(P, Psep) = 1/2 ∑1j,k=0 |p( j, k) − psep( j, k)|, we obtain
w12 =
2
3
max
U
1∑
j,k=0
Tr (| j, k〉〈 j, k |U(ρ − ρ1 ⊗ ρ2)U†) . (22)
Here, the maximum is reached for U† rotating the computational basis {| j, k〉}1
j,k=0
to the eigenbasis {|αj〉}3j=0 of ρ − ρ1 ⊗ ρ2, e.g. if U† |00〉 = |α0〉, U† |01〉 =
|α1〉, U† |10〉 = |α2〉, and U† |11〉 = |α3〉. Equation (22) then becomes w12 =
2/3 ∑3j=0 αj , and, with the eigenvalues (16), we arrive at
w12 =
4
3
(
λ0λ1 +
√
λ0λ1
)
. (23)
Let us note that we can further express w12 in terms of the fidelity F(ρ1, ρmix1 ) =∑1
j=0
√
λj/2 of ρ1 and the maximally mixed one-qubit state ρmix1 [see below Eq. (3)],
w12 =
4
3
[
F4(ρ1, ρmix1 ) −
1
4
]
, (24)
where 1/4 ≤ F4(ρ1, ρmix1 ) ≤ 1, as well as in terms of the concurrence C of ρ,
w12 =
1
3
(
C2 + 2C
)
. (25)
Equations (23)-(25) show that the two-body visibility w12 is a normalised measure of
the entanglement between the qubits, with w12 = 0 for separable two-qubit states and
w12 = 1 for maximally entangled states. As shown in Fig. 2(a), w12 monotonously
decreases for increasing λ0, obeying a complementary behaviour to the single-body
visibility v1 from Eq. (1). Furthermore, by plugging w12 ≤ C [see Eq. (25)] into
Eq. (8), we find these measures to satisfy
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v21 + w
2
12 ≤ 1, (26)
which is graphically illustrated in Fig. 2(b). There one can also see that the inequality
in (26) saturates only if v1 or w12 equals unity. In summary, the one- and two-body
visibilities v1 and w12 satisfy the usual relation (26) associated with complementary
measures, which, in the present case, can simply be interpreted in terms of en-
tanglement: the one-body visibility v1 measures the separability, and the two-body
visibility w12 the entanglement between both qubits. The more separable the qubits,
the less entangled they are, and vice versa.
4 Discussion and conclusion
In the literature, quantitative expressions for the complementarity between two mea-
sures are often provided in terms of inequalities of the form (12). One type of these
celebrated inequalities connects one- and two-body visibilities obtained after local
unitary transformations of two entangled two-level systems [6, 4, 7, 8]. Here we went
one step further and considered global two-body transformations.We introduced two
different two-body visibilities w˜12 and w12, and showed that both behave comple-
mentary to the usual one-body visibility v1 – in the sense of an opposite monotonicity
behaviour. This can ultimately be understood in terms of entanglement: v1 measures
the separability, and both w˜12 and w12 the amount of entanglement of the two-body
system under consideration. However, we found that only w12 satisfies the celebrated
complementarity relation v21 + w
2
12 ≤ 1. For w˜12 on the other hand, we even showed
that v21 + w˜
2
12 ≥ 1, although both visibility measures v1 and w˜12 are normalised and
complementary to each other. While this inequality appears unexpected at first sight,
it shows that satisfying the complementarity relation of the form (12) is not a neces-
sary condition, and, to keep in mind, does not suffice to speak of a complementary
behaviour between two measures. It is worth mentioning that the here obtained in-
terrelations (19) and (26) between one- and two-body visibilities are experimentally
feasible with state-of-the-art technology on diverse experimental platforms, ranging
from trapped ion systems to superconducting quantum circuits.
To finish, let us comment on Michael Horn’s vision of a three-body complemen-
tarity relation, possibly in the form v21 + v
2
12 + v
2
123 ≤ 1, with v123 a three-body
visibility. This relation was disproven by himself [8] for an extension of the cor-
relators (10) to three parties together with a three-body visibility measure similar
to Eq. (9). From our above discussion, however, it is clear that such a three-body
complementarity relation is preferably addressed in terms of entanglement between
the constituents. A promising approach may involve visibility measures in terms of
distances between correlator distributions rather than visibilities of single correla-
tors, and possibly two- and three-body correlators similar to those from Eq. (13).
Yet, a straightforward extension of our results is not possible since we started out
from the Schmidt decomposition of a two-body state, which, in general, cannot
be generalised to more than two parties. Nonetheless, we are confident that the
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here established framework provides a promising route to a quantitative study of
complementarity in multi-partite systems.
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